In this paper we explicitly compute mod-ℓ Galois representations associated to modular forms. To be precise, we look at cases with ℓ ≤ 23 and the modular forms considered will be cusp forms of level 1 and weight up to 22. We present the result in terms of polynomials associated to the projectivised representations. As an application, we will improve a known result on Lehmer's non-vanishing conjecture for Ramanujan's tau function.
Introduction
The Ramanujan tau function is the function τ : Z >0 → Z defined by
If we write q = exp(2πiz) for z in the complex upper half plane then ∆(z) is a holomorphic cusp form of level 1 and weight 12. We have the relations
for p prime and r ≥ 1.
These relations determine τ (n) in terms of τ (p) for p prime.
For ℓ ∈ {2, 3, 5, 7, 23, 691} there exist simple formulas for τ (p) mod ℓ, or in some cases even modulo certain powers of ℓ; for instance τ (p) ≡ p 41 + p 70 mod 5 3 for primes p = 5 and τ (p) ≡ 1 + p 11 mod 691 for all primes p. In general, there is a Galois representation ρ = ρ ∆,ℓ : Gal(Q/Q) → GL 2 (F ℓ ) unramified outside ℓ such that for any Frobenius element Frob p ∈ Gal(Q/Q) attached to a prime p = ℓ the characteristic polynomial of ρ(Frob p ) is congruent to X 2 − τ (p)X + p 11 modulo ℓ. The simple congruences for special values of ℓ are due to the fact that the image of ρ does not contain SL 2 (F ℓ ) in those cases; such a representation is called exceptional and is in many cases easy to compute.
Besides the modular form ∆ of weight 12 we will also consider the unique normalised cusp forms of level 1 and weights 16, 18, 20 and 22 in this paper. To fix a notation, for any k ∈ Z satisfying dim S k (Γ(1)) = 1 we will denote the unique normalised cusp form in S k (Γ(1)) by ∆ k . We will denote the coefficients of the q-expansion of ∆ k by τ k (n):
From dim S k (Γ(1)) = 1 it follows that the numbers τ k (n) are integers. For every ∆ k and every prime ℓ there is a representation
such that for every prime p = ℓ we have that the characteristic polynomial of
For a summary on the exceptional representations ρ ∆ k ,ℓ and the corresponding congruences for τ k (n), see [15] .
In this paper we shall present polynomials that belong to the projectivisations of the non-exceptional Galois representations belonging to rational level one forms modulo primes up to 23. Finding these polynomials is a matter of experimental computation, but the known cases of Serre's conjecture permit us to verify the correctness. As a by-product we will verify Lehmer's conjecture of the non-vanishing of τ (n) (see [10, p. 429] ) to a higher bound than what was done before.
Notational conventions
Throughout this paper, for every field K we will fix an algebraic closure K and all algebraic extension fields of K will be regarded as subfields of K. Furthermore, for each prime number p we will fix an embedding Q ֒→ Q p and hence an embedding Gal(Q p /Q p ) ֒→ Gal(Q/Q), whose image we call D p . We will use I p to denote the inertia subgroup of Gal(Q p /Q p ).
All representations (either linear or projective) in this paper will be continuous. For any field K, a linear representation ρ : G → GL n (K) defines a projective representationρ : G → PGL n (K) via the canonical map GL n (K) → PGL n (K). We say that a projective representationρ : G → PGL n (K) is irreducible if the induced action of G on P n−1 (K) fixes no proper subspace. So for n = 2 this means that every point of P 1 (K) has its stabiliser subgroup not equal to G. 
Statement of results
For completeness we also included the pairs (k, ℓ) for which ρ k,ℓ is isomorphic to the action of Gal(Q/Q) on the ℓ-torsion of an elliptic curve. These are the pairs in Table 1 with ℓ = k − 1, as there the representation is the ℓ-torsion of J 0 (ℓ), which happens to be an elliptic curve for ℓ ∈ {11, 17, 19}. A simple calculation with division polynomials [9, Chapter II] can be used to treat these cases. In the general case, one has to work in the more complicated Jacobian variety J 1 (ℓ), which has dimension 12 for ℓ = 23 for instance.
We can apply Proposition 1 to verify the following result.
Corollary 1.
The non-vanishing of τ (n) holds for all
The non-vanishing of τ (n) was verified for all n < 22689242781695999 ≈ 2·10
16
in [7] .
To compute the polynomials, the author used a weakened version of algorithms described in [4, Sections 11 & 24] . The used algorithms do not give a proven output, so we have to concentrate on the verification. We will show how to verify the correctness of the polynomials in Section 3 after setting up some preliminaries about Galois representations in Section 2. In Section 4 we will point out how to use Proposition 1 in a calculation that verifies Corollary 1. All the calculations were perfomed using MAGMA (see [1] ).
Galois representations
This section will be used to state some results on Galois representations that we will need in the proof of Proposition 1.
Liftings of projective representations
Let G be a topological group, let K be a field and letρ : G → PGL n (K) be a projective representation. Let L be an extension field of K. By a lifting ofρ over L we shall mean a representation ρ : G → GL n (L) that makes the following diagram commute:
where the maps on the bottom and the right are the canonical ones. If the field L is not specified then by a lifting ofρ we shall mean a lifting over K.
An important theorem of Tate arises in the context of liftings. For the proof we refer to [12, Section 6] . Note that in the reference representations over C are considered, but the proof works for representations over arbitrary algebraically closed fields. 
Theorem 1 (Tate). Let K be a field and letρ
Proof. An unramified homomorphism from Gal(Q p /Q p ) to any group factors through Gal(F p /F p ) ∼ =Ẑ and is determined by the image of
This image is an element of PGL n (K) of finite order, say of order m. If we take
liftsρ and is continuous as well as unramified.
Serre invariants and Serre's conjecture
Let ℓ be a prime. A Galois representation ρ : Gal(Q/Q) → GL 2 (F ℓ ) has a level N(ρ) and a weight k(ρ). The definitions were introduced by Serre (see [14, Sections 1.2 & 2]). Later on, Edixhoven found an improved definition for the weight, which is the one we will use, see [3, Section 4] . The level N(ρ) is defined as the prime-to-ℓ part of the Artin conductor of ρ and equals 1 if ρ is unramified outside ℓ. The weight is defined in terms of the local representation ρ| D ℓ ; its definition is rather lenghty so we will not write it out here. When we need results about the weight we will just state them. Let us for now mention that one can consider the weights of the twists ρ ⊗ χ of a representation ρ : Gal(Q/Q) → GL 2 (F ℓ ) by a character χ : Gal(Q/Q) → F * ℓ . If one chooses χ so that k(ρ ⊗ χ) is minimal, then we always have 1 ≤ k(ρ ⊗ χ) ≤ ℓ + 1 and we can in fact choose our χ to be a power of the mod ℓ cyclotomic character. 
Weights and discriminants
If a representation ρ : Gal(Q/Q) → GL 2 (F ℓ ) is wildly ramified at ℓ it is possible to relate the weight to discriminants of certain number fields. In this subsection we will present a theorem of Moon and Taguchi on this matter and derive some results from it that are of use to us. 
Theorem 3 (Moon
where D K/Q ℓ denotes the different of K over Q ℓ and v ℓ is normalised by v ℓ (ℓ) = 1.
We can simplify this formula to one which is useful in our case:
be an irreducible projective representation that is wildly ramified at ℓ. Take a point in P 1 (F ℓ ), let H ⊂ PGL 2 (F ℓ ) be its stabiliser subgroup and let K be the number field defined as
Then the ℓ-primary part of Disc(K/Q) is related to the minimal weight k of the liftings ofρ by the following formula:
Proof. Let ρ be a lifting ofρ of minimal weight. Since ρ is wildly ramified, after a suitable conjugation in GL 2 (F ℓ ) we may assume
where χ ℓ : I ℓ → F * ℓ denotes the mod ℓ cyclotomic character; this follows from the definition of weight. The canonical map GL 2 (F ℓ ) → PGL 2 (F ℓ ) is injective on the subgroup * 0 * 1 , so the subfields of Q ℓ cut out by ρ andρ are equal, call them K 2 . Also, let K 1 ⊂ K 2 be the fixed field of the diagonal matrices in Im ρ| I ℓ .
We see from (1) that in the notation of Theorem 3 we can put α = 0, m = 1 and d = gcd(ℓ − 1, k − 1). So we have the following diagram of field extensions:
The extension K 2 /K 1 is tamely ramified of degree (ℓ − 1)/d hence we have
Consulting Theorem 3 for the case 2 ≤ k ≤ ℓ now yields
and also in the case k = ℓ + 1 we get
Let L be the number field Q Ker(ρ) . From the irreducibility ofρ and the fact that
Imρ has an element of order ℓ it follows that the induced action of Gal(Q/Q) on P 1 (F ℓ ) is transitive and hence that L is the normal closure of K in Q. This in particular implies that K/Q is wildly ramified. Now from [K : Q] = ℓ + 1 it follows that there are two primes in K above ℓ: one is unramified and the other has inertia degree 1 and ramification degree ℓ. From the considerations above it now follows that any ramification subgroup of Gal(L/Q) at ℓ is isomorphic to a subgroup of * 0 * 1
The only subgroup of index ℓ is the subgroup of diagonal matrices. Hence we have 
holds, then we have k(ρ) = k.
Proof. From v ℓ (Disc(K/Q)) = k + ℓ − 2 ≥ ℓ + 1 it follows thatρ is wildly ramified at ℓ so we can apply Corollary 2.
Proof of Proposition 1
To prove Proposition 1 we need to do several verifications. We will derive representations from the polynomials P k,ℓ and verify that they satisfy the conditions of Theorem 2. Then we know there are modular forms attached to them that have the right level and weight and uniqueness follows then easily.
First we we will verify that the polynomials P k,ℓ from Table 1 have the right Galois group. The algorithm described in [5, Algorithm 6.1] can be used perfectly to do this verification; proving A ℓ+1 < Gal(P k,ℓ ) is the most time-consuming part of the calculation here. It turns out that in all cases we have
That the action of Gal(P k,ℓ ) on the roots of P k,ℓ is compatible with the action of PGL 2 (F ℓ ) follows from the following well-known lemma:
Lemma 2. Let ℓ be a prime and let G be a subgroup of PGL 2 (F ℓ ) of index ℓ + 1. Then G is the stabiliser subgroup of a point in P 1 (F ℓ ). In particular any transitive permutation representation of PGL 2 (F ℓ ) of degree ℓ + 1 is isomorphic to the standard action on P 1 (F ℓ ).
Proof. This follows from [16, Proof of Theorem 6.25].
So now we have shown that the second assertion in Proposition 1 follows from the first one.
Next we will verify that we can obtain representations from this that have the right Serre invariants. Let us first note that the group PGL 2 (F ℓ ) has no outer automorphisms. This implies that for every P k,ℓ , two isomorphisms (2) define isomorphic representations Gal(Q/Q) → PGL 2 (F ℓ ) via composition with the canonical map Gal(Q/Q) ։ Gal(P k,ℓ ). In other words, every P k,ℓ gives a projective representationρ : Gal(Q/Q) → PGL 2 (F ℓ ) that is well-defined up to isomorphism. Now, for each (k, ℓ) in Table 1 , the polynomial P k,ℓ is irreducible and hence defines a number field
whose ring of integers we will denote by O k,ℓ . It is possible to compute O k,ℓ using the algorithm from [2, Section 6] (see also [2, Theorems 1.
we know what kind of ramification behaviour to expect. In all cases it turns out that we have
We see that for each (k, ℓ) the representationρ k,ℓ is unramified outside ℓ. From Lemma 1 it follows that locally outside ℓ everyρ k,ℓ has an unramified lifting. Above we saw that viaρ k,ℓ the action of Gal(Q/Q) on the set of roots of P k,ℓ is compatible with the action of PGL 2 (F ℓ ) on P 1 (F ℓ ), hence we can apply Corollary 3 to show that the minimal weight of a lifting ofρ k,ℓ equals k. Theorem 1 now shows that everyρ k,ℓ has a lifting ρ k,ℓ that has level 1 and weight k. From Imρ k,ℓ = PGL 2 (F ℓ ) it follows that each ρ k,ℓ is absolutely irreducible.
To apply Theorem 2 we should still verify that ρ k,ℓ is odd. Let (k, ℓ) be given and suppose ρ k,ℓ is even. Then a complex conjugation Gal(Q/Q) is sent to a matrix M ∈ GL 2 (F ℓ ) of determinant 1 and of order 2. Because ℓ is odd, this means M = ±1 so the image of M in PGL 2 (F ℓ ) is the identity. It follows now that K k,ℓ is totally real. One could arrive at a contradiction by approximating the roots of P k,ℓ to a high precision, but to get a proof one should use only symbolic calculations. The fields K k,ℓ with ℓ ≡ 3 mod 4 have negative discriminant hence cannot be totally real. Now suppose that a polynomial P (x) = x n + a n−1 x n−1 + · · · + a 0 has only real roots. Then a 2 n−1 − 2a n−2 , being the sum of the squares of the roots, is non-negative and for a similar reason a 2 1 − 2a 0 a 2 is non-negative as well. One can verify immediately that each of the polynomials P k,ℓ with ℓ ≡ 1 mod 4 fails at least one of these two criteria, hence none of the fields K k,ℓ involved in this paper is totally real. This proves the oddness of the representations ρ k,ℓ . Of course, this can also be checked with more general methods, like considering the trace pairing on K k,ℓ or invoking Sturm's theorem [6, Theorem 5.4] .
So now that we have verified all the conditions of Theorem 2 we remark as a final step that all spaces of modular forms S k (Γ(1)) involved here are 1-dimensional. So the modularity of each ρ k,ℓ implies immediately the isomorphism ρ k,ℓ ∼ = ρ ∆ k ,ℓ , hence alsoρ k,ℓ ∼ =ρ ∆ k ,ℓ , which completes the proof of Proposition 1.
Proof of Corollary 1
If τ vanishes somewhere, then the smallest positive integer n for which τ (n) is zero is a prime (see [ In fact p is of this form if and only if τ (p) ≡ 0 mod 23 · 49 · M holds. Knowing this, we will do a computer search on these primes p and verify whether τ (p) ≡ 0 mod ℓ for ℓ ∈ {11, 13, 17, 19}. To do this we need the following lemma. itself is an eigenspace of M hence M is scalar, which is not the case. If there is exactly one orbit of length 1 then M has a non-scalar Jordan block in its Jordan decomposition, which contradicts the fact that the eigenvalues are distinct.
The implication (2) ⇒ (3) is trivial so that leaves proving (3) ⇒ (1). Suppose that M has an orbit of order 2 in P 1 (K). After a suitable conjugation, we may assume that this orbit is {[ In view of this lemma it follows from Proposition 1 that for ℓ ∈ {11, 13, 17, 19} and p = ℓ we have that τ (p) ≡ 0 mod ℓ if and only if the prime p decomposes in the number field Q[x]/(P 12,ℓ ) as a product of primes of degree 1 and 2, with degree 2 occuring at least once. For p ∤ Disc(P 12,ℓ ), a property that all primes p satisfying Serre's criteria possess, we can verify this condition by checking whether P 12,ℓ has an irreducible factor of degree 2 over F p ; this can be easily checked by verifying
Having done a computer search, it turns out that the first few primes satisfying Serre's criteria as well as τ (p) ≡ 0 mod 11 · 13 · 17 · 19 are 22798241520242687999, 60707199950936063999, 93433753964906495999.
The table of polynomials
In this section we present the table of polynomials that is referred to throughout the article. 
